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ABSTRACT RN
LN
A preliminary investigation is made into a low level
accelerometer 1ncorporat1ng a dlamagnetlcally supported
magnet inside a superconducting tube. Low level control
forces are examined and the magnetic force is found most
suitable. Light pressure exerts a measureable force and
is suggested for calibration.

The feasibility of closing a feedback loop around
the magnet 1is demonstrated. The aCCELerometer shows
much promise for application below 10 °g and the per-
formance results obtained so far are limited only by
displacement detector sensitivity and noisy environment.
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CHAPTER 1

INTRODUCTION

The need for low level acceleration or force measur-
ing devices is rapidly increasing. As inertial instru-
ments become more sensitive, their testing becomes more
elaborate. Vibration isolation and seismic noise filters

help to provide a relatively stable test base.

Continuous low thrust space vehicles require acceler-
ometers with sensitivities below 10-5g. The calibration

and test of such accelerometers on earth is not elementary.

An investigation into the design of a low level single
axis accelerometer in the micro-g sub-micro-g level is being
presently conducted at the Experimental Astronomy Laboratory

of the Massachusetts Institute of Technology.

In LLAMA, acronym for Low Level Acceleration Measurement
Apparatus, it is proposed to use a magnet which is diamag-
netically supported inside a superconducting tube as the

proof mass, a displacement detector sensitive to the sligh-

test axi

4~

1 moticon of the magnet, a low level restoring force

to bring the magnet back to null and a means for low-g

calibration.



This thesis is concerned in examining possible sources

6 dynes range for the

of low level force in the 10-3-10-
control of the magnet and in investigating, in a preliminary
fashion, the feasibility of a low level accelerometer in-

corporating this method of suspension.




CHAPTER 2

THE SUSPENSION

2.1 1Ideal Suspension

The ideal suspension for this application is one
that, along one axis there exists a zero force or neutral
region that exhibits no stiction, friction, or hysteresis
so that the application of the smallest force will cause

the supported member to displace from its rest position.

2.2 Diamagnetic Suspension

The diamagnetic or Meissner effect suspension is the
subject of a Masters Thesis by P.K. Chapmanl. A brief

description is given here.

When a metal such as lead or niobium is cooled, its
resistance drops with decrease in temperature until a
critical temperature is reached(7.10K for lead and 89K
for niobium) when suddenly the material loses all its

resistance ar | becomes what is termed, a superconductor.



A superconductor displays the property of expelling
all magnetic fields within it, i.e., it becomes perfectly
diamagnetic. This latter property is termed the Meissner

Effect.2’3

If a small magnet is lowered over a superconducting
plane, the flux of the magnet cannot penetrate the super-
conductor and will be squashed, see Figure 2.2-1, thus
resulting in an upward force. If the mass of the magnet
is chosen correctly, relative to its pole strength and
dimensions, this upward force can be sufficient for sup-

porting the magnet.

If the magnet moves horizontally, this support force

that +
wiia « -

he suspension is stable in the

Q

moves along also, s
vertical direction.
In LLAMA, the magnet is floated at the center of a
superconducting tube so that it is free along the polar
axis of the tube and in stable equilibrium along the

other two axes.

2.3 Suspension Characteristics

Experiments showed that the magnet tended to be ex-
pelled from the tube. According to the model developed
in Ref. 1, the force acting on the magnet when displaced

from the center of the tube is




~ ~
4 N\
/ 4 ~ )
/ \
| P NI ) )
\ r \ //
YoN oy S -~ /
S LS %oy,
N ,
QI MAGNET 10,2
o ]~
“ ;NN N
AN 2 R TN
[/ \ e 3
i { - 7 )
\ “ - — = /
\\_\_\ L= “f__" :f’;{)“//—/ F
. SUPER CONDUCTo
>UPPORT FORCE
Flg 222 —| MAGNET SUPPORTED

OVER A SUPER CONDUCTOR




F. = =-n sinh 2 ¢ x
X
where

Fx = force on magnet at axial displacement x
from null

a = constant -- depends on geometry of tube
and the magnet and the pole strength of
the magnet

¢ = constant -- depends on the radius of the

tube

A sketch of the variation of the force with displace-
ment is shown in Figure 2.3-1. Although the suspension
is unstable in the axial direction, that is any displace-
ment of the magnet from null will cause it to be expelled,
the initial negative spring comnstant is claimed to be very
small. More important is that the suspension exhibits no
stiction -- a property so vital for the detection of small

forces.

2.4 The Suspended Element

The suspended element is an Alnico V magnet 1.6 cm

long, 0.3 cm in diameter, and weighing 1 gram.

The float height was 1.5 mm below the centre of the

25 mm diameter superconducting tube. A photograph of the
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floating magnet is shown in Figure 2.4-1. The magnet has

a 1l cm diameter aluminum disc at each end.

2.5 The Dewar

The basic construction of the metal dewar is shown

in Figure 2.5-1, and the details are given in Ref. 1.

Niobium (or columbium) sheet is wrapped around a cop-
per tube housed in a copper block which is attached to the
bottom of a liquid helium inner bottle . A vacuum outer

acket surrounds this bottle.

.i
B L1

Two windows in the outer jacket enable the magnet to
be viewed from both ends. The magnet is stored in an
"ante chamber' while the niobium is cooled to avoid flux
trapping and is inserted into the tube by means of a

spoon manipulated from outside via 'o' ring feed through.

The base of the dewar rests on a 3 point support so
that by varying the length of one of the supports, small

tilt angles can be applied.

2.6 Suspension Damping

Some degree of eddy current damping is provided by
the presence of the copper tube inside the superconducting
tube. Experiments have indicated a damping time constant

of 3 seconds.




O

Figure 2.4-1 Magnet Floating Inside Superconducting
Tube
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CHAPTER 3

LOW LEVEL FORCES

3.1 Need for Low Level Forces

If LLAMA is subjected to an acceleration of 10—6g

-2
along its sensitive axis, a restoring force of about 10 -
dynes would be needed to keep the 1 gram magnet at its
null position. Increasing the range below a micro-g

means the need for even smaller forces.

Possible sources of such low force are examined in
this Chapter and the applicability to LLAMA, if any, is

discussed.

2.2 Ideal Low Level Force

The ideal force for LLAMA is the one that
6

(a) has adequate range, 10-° - 10” dynes
(b) is simple to generate
(c) is simple to control -- preferably with non-

mechanical means
(d) its magnitude is readily measurable, since

below 10~ ' dynes, no suitable means exist for
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calibration

(e) 1is compatible with the LLAMA system.

It is desirable to have the range extend up to lO‘-3
dynes and above so that the method of measurement of the

force can be checked against available methods.

3.3 Beam Forces

Forces that involve the change of momentum of particles
are termed, here, beam forces. Since the aim is for low
level forces, particles of small mass are considered, begin-

ning with the "“zero'" mass photon.

3.3.1 Photon Force

Light has been assumed to exert pressure ever since
“-i
Kepler (1619). Lebedev and Hull (1903) managed to separate

meter effect

(@]

light pressure from thermal effects or radi
by conducting their experiments at very low atmospheric

pressure.D

The corpuscular theory of light pressure is presented
in Appendix A. The theory indicates the force th of light

or, better, electromagnetic radiation to be
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2 . 7
F . EA (1 +1r)cos” 2 x10 (1.3.1-1)
ph c

where

th = force exerted by beam of light in dynes

E = power in incident beam in watts

c = velocity of light =3 x 1010 cm/sec

r = reflectivity of surface on which the beam is
incident

6 = the angle of incidence of beam on the surface

A = area of surface in cm2

The magnitude of this force is 0.66 x 1073 dynes if
the energy in the beam is 1 watt falling normally on a per-

fectly reflecting surface.

The force exerted by light or electromagnetic radia-

tion will be referred to, from here on, as photon force.

The photon force can be estimated according to equation
(3.3.1-1) by measuring the power in the beam, plus a know-
ledge of the reflectivity of the surface for the wavelength
of the radiation, the area of the surface and the angle of
incidence. n other words, an estimate of the force can

be made externally without the need for calibration.
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For LLAMA application, the available surface area
can be increased by attaching an aluminized di~c to either
end of the magnet. Because of the float heiglt, the limit
on the size of the disc in the present set up is about 1
sq. cm. In order to exert 1073 dynes, a beam power den-
sity of 1.5 watts/cm2 is needed. To generate this power
density may be practical but to go much higher is not

possible with present sources.

The main requirement for the application of a photon

~

force is a high vacuum environment below 10~ torr to

avoid thermal effects (see Sec. 2.3.3).

3.3.2 Photo-Electron Force

If a beam of light or photons falls, not on a re-
flecting surface but instead on a photoemissive surface,
electrons will be emitted. The number of electromns is
proportional to the number of photons falling on the
surface. However, the energy of each emitted electron
depends on the wavelength of the photon and is given

according to the Einstein Law

e<V+<P) = h—;
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of an electron

m
i
ct
o
m
0
&
=
aQ
¢

¢ = work function of surface material
li = Plank's constant

¢ = velocity of light

A\ = wavelength of photon

V = energy of electron in volts

Il

eV total energy of electron in electron volts

thus
eV = %f.._ 4z¢
or
QV = A_C_ - b_c,
N o
where
N = critical wavelength = b__c_
o) e4>
but
1 2
eV = 5 m, Vg
where
m, = mass of electron
v_ = velocity of electron
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"U’é < ZAC )o"x
Me Ao

The momentum of an electron is

m, v, = /TZAC e Do)

X No

and the momentum of a photon is

hv . h
C A

and the increase in momentum due to electron emission is

_ ~____momentum of emitted electron
g momentum of (responsible) incident photon

Vd NN

Po— R

= f2hcms =X
h/

For ecxample with a material such as an S1 surface (Cesium-~

Silver) for which X°==142 1 and using a UV source with W=

_3);

h =6.6 x 10 joules-secj

2 X 108 m/sec

0
Il

m = 1039 kg
e =1.6 x 1072 coulombs

and assuming photon and electron motion normal to surface,

S ~ G&oOO
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Therefore, in this case, the effective momentum of each

photon is 601 times greater than if the photon were in-

cident on a completely absorbing surface. If the momentum
of every photon is increased like this, a greatly increased

force results. Unfortunately, not every photon causes an
electron to be emitted. The number of electrons emitted

per incident photon is Q, the quantum eflficiency for the
surface at the wavelength of the radiation. For the Sq
surface at )~= Aow, Q is 1.53@. For an antimony-cesium

Sy surface, Q = 16‘%1at = A5 . (g for this surface

is«6 K1.)

In order to measure the force acting on the surface,
the emitted electrons are collected by a positive plate
closeby so that the current in the plate circuit is propor-
tional to the number of electrons received, which is in
turn, proportional to that part of the force contributed

by the photo-emission of the electrons.
The total force is given by

Ftotal - th * anh

where
th = photon force on a perfectly absorbing

surface
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npp < number of photons incident on surface --

(proportional to the power in the beam)

icQ¢§ >y 1
Fiotal = anh (3.3.2-1)

but anh = the number of electrons collected by the plate
= n,

Ftotal - Ny g

is a constantif the wavelength of the incident

photons remains constant.

So that by simply wmeasuring the current in the plate

circuit, the force on the surface can be determined.

The assumptions in Eq. (3.3.3-1) are that

(a) the quantum efficiency of the photo-emissive sur-
face remains constant

(b) the direction of the photons and emitted electrons
is normal tc the surface or close to normal

(c) all the electrons are collected by the plate

(d) the photo-emissive surface never becomes more

positive than the collector plate.

As electrons are emitted, the photo emissive surface be-

comes positively charged. The charge in time could exceed




19

L

e = 51 i P i
lat no more electrons would

o]

that on the collector

o)

0

anda

be collected -- hence the need for flushing the photo

emissive surface with electrons every so often.

3.3.3 Radiometer Force

Another method of exerting a force using & light beam
is the radiometer effect which is associated with Crookes .
Basically, the force is exerted as follows: If the light
is incident on a black surface enclosed in a given low
pressure gaseous bulb, the light energy is absorbed and
the temperature of the surface rises. Gas molecules that
now hit the surface bounce away with an increase in velo-
city and hence in momentum. This change in momentum is
responsible for the force on the surface in the general
direction of the beam -- if the other side of the surface

is made reflective the force is enhanced.

Although the resulting force is much larger by scveral

orders of magnitude than the force generated by the photons

alone, the magnitude and direction of the force is diffi-

cult to predict accurately.

Another disadvantage is that there is a time constant
that could be of the order of seconds associated with this

method which makes it undesirable.
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3.3.4 Electron Force

Instead of a beam of photuns, a beam of electrons
impinging on the surface may be considered. The momentum

of an ‘ncident electron is determined as follows:

The velocity of an electron is given by the equation

eV = 5 m v° (3.3.4-1)
where
e = electron charge (1.6 x 10-19 coulombs)
V = accelerating voltage in volts
m, = mass of an electron (10_30 Kg)
v, = velocity of electron in meters/sec.

from (3.3.4-1) is obtained

The change in momentum of an electron after it is
stopped by the surface is mv and the force generated by a

normally impinging electron is given by fe where

£ =mv=m7,@E/v
e m
=’2 e m I Y/
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For n electrons per sec the force is F_ where

F = njJ2 emn \Y
e J 4

but n = —%— where I is the current in the electron beam.

Therefore it can be shown that

N m
e JZ _??7F7 I

31
|

or

F =3.5x 100 1 v Newtons

or

F
e

I

0.35 I JV dynes
(Assuming electrons fall normally on the surface.)

For a force F_ of 1073 dynes zenerated by using
V = 400 volts requires a current of I of 0.1% mA and a
power of %6 mW. These requirements are indeed feasible and
can be achi:ved with a simple electron gun. The beam cur-
rent, which is proportional to the force, if V remains con-
stant, can be easily modulated by a voltage applied to the

first grid of the gun.
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This method of generating a low level force is simple,
efficient and the force is easily controllable. The mag-
nitude of the force is not limited to the mill". dyne range

and can be increased by at least two orders of magnitude.

The adaptability of this method for the application
in hand is not too straightforward, as a means has to be
provided for removing the incident electrons from the sur-
face. Otherwise the surface will be charged up negatively,
and a space charge will be built up around the surface.
The electrons will cease to strike the surtace and will
be deflected sway. Deflecting the electrons still con-
stitutes a change of momentum in the direction of the beam.
1f this deflection is maintained at ninety degrees from
the beam direction, the resulting force on the surface is
the same as if the electroms were completely abscrbed by
the surface.

Since in the LLAMA application there is no contact
with the float, removing the electrons from the surface
could be done by flushing the surface with a low velocity

positive ion plasma.
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-

I
3.3.5 Atomic or Molecular Beam Force

Still heavier particles can be used, as in an atomic
or molecular beam. For the case of LLAMA, a molecular

beam of Hel

ht be considered. The number of He

molecules per second required to generate a force of 10 -

dynes is given by

FHe = nHe X mHe X VHe

or
n _ FHe
He Mye XV
where
Fue = force generated by molecular beam of
helium
n.,, = nunber of helium molecules per second
My, = mass of helium mclecule
Ve = velocity of beam
so that for F, = 107 dynes and v, assumed to be the
He He

velocity of sound in helium about 300 m/sec., Nye is

16

10 molecules/sec.

Although LLAMA can provide the high vacuum required,

the difficulty in controlling and measuring the number of

molecules in the beam makes the method not too suitable.
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3.4 Field Forces

Forces that can be exerted by magnetic, electrostatic
and gravitational fields are examined in the following

sections.

3.4.1 Magnetic Force

In air, a magnetic force can be exerted on the magnet
along the sensitive axis by placing a coil on either side
as shown in Figure 3.4-1. If the magnet is displaced, a
small distance Ax from the midpoint between the coils, the

force acting on it is

| !
L [
F: Kalm Tk T 3
A TSR L TSy e
|
— Ra,’lIl'V\ I . ‘ lTl— ——
L{_ﬁ 1&’*2 +AX) i “ [q ~ Lb+(‘+ox)t ]%
where
11, 1, = currents in coils 1 and 2
n = number of turns in each coil
k = constant -- depends on permeability u
and the pole strength of the magnet
a = mean radius of coil
2b = axial separation of coils

i

2f

The force equation can be simplified by neglecting

length of magnet

second order effects (Ax)2 and if I, = I+AI and 12 I-AT,
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the following equation is obtained

F = klnIAx + kznAI

where kl’ k2 are constants depending on b, 2. , a and k.

The magnitude of the force, by a suitable choice of
parameters, can have a wide range from less than micro

dynes up to grams or more.

In LLAMA, the presence of the superconductor modifies
the field inside the tube, but the general behavior of the

force is retained.

Due to the complex field inside the tube, only an esti-
mate of the force can be made externally so that some form

of calibration is needed.

The force can be easily controlled by simply varying

the current in the coils.

3.4.2 Electrostatic Force

The electrostatic force of attraction F between two

charged plates is

2
F =0.442 x 16° Y dynes/cm?
d
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where

\Y

i

voltage across plates in volts

d

I

separation of plates in cm

The electric vacuum gyroscope utilizes this force for the

support of the rotor.

In this case, a possible method for exerting a force

on the magnet is shown in Figure 3.4.2-1.

A conducting plate, attached to each end of the mag-
net, is polarized by the presence of the two charged plates
close to it. Attraction takes place between the magnet and
the plates on one side which can be balanced by a similar

force on the other side.

3 =1

A net force can be exerted by varving the difference
in the two voltages. Because the force level required is
small, of the order of 103 dynes, the standing voltage

needed can be about 100 volts and the separation around

For LLAMA application where there is a float height
limitation, the size of the plates must be small. Also
since the magnet has to be outside the tube during cooling,
putting the magnet back between the two sets of plates after

cooling has taken place, is a problem.
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3.‘1’.3 UraVitaLional FUI_Ce

The gravitational field of a body of known mass may

be used to exert a force on the magnet. This force FG is

given by
_ __GM
Fo = —— dynes per gram (of magnet)
7
where
- . . _ -8 cm”
G = gravitational constant = 6.7 x 10
sec”gm
M = mass of body (in grams)
r = distance of body frommagnet (cm)
FG acts along the line joining the body to the magnet.
To generate 10~ dynes at a distance of r = 100 cm,

a mass of 1.7 x 10° gms or 17 tons would be needed, assum-

ing M is concentrated at one point.

.

However, to generate 10 = dynes at the same distance

only requires 1.47 tons.

In order to vary the force, either the mass of the
body is changed or the separation, or both. This has to
be doane carefully so as not to cause any vibration at
the cuspension. Swinging the mass along the sensitive
axis generates an alternating force and has the advantage
that its effect can be extracted in the presence of noise

and interference by suitable filtering.
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The use of the earth's gravitational field is dis-

cussed in Sections 3.5.1 and 3.5.3.

3.5 Other Methods

Forces exerted by the use of the earth's gravita-
tional field on the earth and in space are discussed in
the following sections as well as the use of the centri-

fugal force.

3.5.1 Table Tilt

Methods such as table tilting which use a component
of the earth's gravitational field may be feasible for
generating accurate forces. In the case of LLAMA, a force
of 1073 dynes corresponds to a table tilt of 0.2 secs. of
arc, since the magnet has a mass of one gram. This small
angle can be better appreciated if looked at as the angle
a rigid rod 1 mile long would deflect if one end is hinged

in a horizontal position and the other end depressed by

1 .
=0 inch.
To exert 10-6 dynes, a tilt of 0.0002 seconds of arc
would be needed. The problem of generating and measuring

a tilt angle of this magnitude is highly involved. A
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study has been made into a possible tilting method by

8
Blitch and Keyes.

3.5.2 Centrifugal Force

. (a) On Earth

The centrifugal force m sz acts radially on a mass
rotating with an angular velocity W at a radial distance
R from the axis of rotation. Now to exert 10 > dynes
for the case wherem =1 gm, R = 100 ecm, and angular
velocity of 3.3 x 1072 rad/sec. is required or 1.8 revolur
tions per hour. For a force of 10-6 dynes, a period of
17 hours is called for. 1t must be remembered that an
essential requirement to avoid the g-effect is that the
table must remain level to at least within .002 seconds of

3 4 3

arc for the case of 10 - dynes and .000002 seconds of arc

1!'\-6 ~
for 10 dynes.

Clearly, the presence of the earth's field makes this

method unsuitable.

(b) On a Satellite

On a satellite in a free fall orbit, the centrifugal
force method could be made feasible by simply spinning the

satellite at the desired angular velocity.
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3.5.3 Gravity Gradient Force

Another method applicable in a satellite environment
is the use of the gravity gradient. If the accelerometer
or test element is lowered on a boom so that it is no
longer in a free fall orbit, a net force will act on it.
For example, if the length of the boom is 100 ft. and the
satellite is in a near earth orbit, a force of 4 x 10“6

dynes would be exerted. Increasing this force by a sub-

stantial amount needs a much longer boom.
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CHAPTER &4

RESTORING FORCE

4,1 Magnetic vs. Photon Force

From the various sources of low level force pre-
sented in Chapter 3, it is clear that the magnetic force
is by far the simplest to mechanize, easy to control,
gives adequate range and is very compatible with the
LLAMA system. The one disadvantage is that the force
needs calibration owing to the complex field inside the
tube. The photon force on the other hand is capable of
exerting a force that can be measured but there is a
limit on its magnitude. Also, the modulation of the
force becomes more complex as beam power density in-

creases -- see Chapter 8.

For a practical system, magnetic coils will be used
to provide the restoring force and the photon force will

be utilized for calibration.

4.2 Magnetic Restoring Force

A magnetic restoring force may be exerted on the magnet

by placing a coil coaxial with the superconducting tube on
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either side of the magnet, see Figure #4.2<1,

magnet is in the center of the tube is zero and builds up
as either coil is approached. On the other side of each

coil, the force drops to zero again.

The sum of the coil force and the suspension force,
Figure 4.2-1, shows that for a given common current, the
effective force in the tube can be made positive for a
small region around null. Outside this region, the force
decreases and eventually becomes negative. Hence a limited

axially stable region results around null.

The effective force around null is desired to be as
small as possible so that the magnet is free to displace

under the application of the minutest acceleration.

In closed loop operation, as the magnet is displaced
from null, the current in the closer coil is increased and
the current in the farther coil is decreased, an increase
in the effective spring constant results which drives the
magnet back towards null.

1

Because of the superconductor™ the force due to the

coils is modified although the general behavior is retained.

For a displacement x, let I + AI be the current in the
closer coil and I - AI be the current in the farther coil,

the force on the magnet due to the coils is given by
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_ 8 CX -CcX
Fcoils —5— [((I:AI) e - (1I-A1) e 1
_ B : A
= =5 I sinh ¢ x + —5 AT cosh ¢ x
where
B = constant -- depends on the geometry of
the coils and the magne

and

¢ as defined in Section 2.3

If I is kept constant, AI can be varied at will ac-

cording to the gain in the system, see Chapter 6.

That part of the magnetic force due to I, i.e.,
—%— I sinh ¢ x is termed the common mode force because I

flows in both coils. The force due to AI, i.e., —%~ AT

cosh ¢ x is termed the differential mode force.

The common mode force is free from dynamics since I
remains constant. However, the differential mode force
is associated with a lag due to the inductance of the

coils.

4.3 Phase-Plane Trajectories

The equation of motion of the magnet, neglecting

damping, 1is
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m X + —%— I sinh ¢ x + —%— AT cosh x ¢ -

a sinh 2 ¢ x =0

where

Al is a function of x,.

The combined effect of the suspension and magnetic
forces inside the tube may then be looked at as a soft

spring with the spring force eventually going negative.

The phase plane trajectories for the soft Springgare
determined using energy methods and the general behavior

is shown in Figure 4.3.1.

Near null, the closed curves represent pericdic
oscillations. Away from null the curves are no longer

~Tnan
L o

[o 9

fo

ba) tha mao
414 Loy Sy AlA\.Ab i

-3

he effect of damping is to damp out the oscillation

once the magnet is inside the closed curve region.
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CHAPTER 5

DISPLACEMENT DETECTION

5.1 General

If LLAMA is subjected to a low level acceleration
(or g-component), the time taken for the magnet to move
an appreciable distance is long. For example, if the ac-

iy 1o

r—!
=

. . 1n-6 . ) . _
celeration is 10 “g, the time taken to move, say 1
about 140 scoonds or 0.45 secs for a displacement of 1
micron. When lower acceleration levels are considered
=9 , » e o 3 . . . ;
say, 10 'g, the time Laken to move 1 micron 1s 14 seconds.

Clearly, therefore, a very sensitive displacement detec-

tion is called for if a reasonable bandwidth is desired.

=t
i

Hh

or he displacement small is to

=~
0

epi

=]

Another reason T

avoid the nonlinearities in the suspension and in the

detector.

5.2 ldeal Detector

The ideal displacement detector for LLAMA is a
device that
(a) is capable of sensing displacements way below 1

micron along the sensitive axis
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(b) is insensitive to displacements along or,
rotations about other axes

(c) is linear

(d) does not exert any forces on the magnet

(e) is compatible with LLAMA system.

5.3 Interferometric Method

For the LLAMA displacement detector, it is proposed
to use an interferometer in the Twyman-Greemn configuration
that utilizes, for its principal mirrors, two parallel
flat mirrors mounted on either end of the magnet. This
way of mounting the mirrors not only doubles the sensi-
tivity of the normal interferometer but provides the
possibility of making the instrument insensitive to motion

along or about other axes.

A possible scheme that is being presently investi-
gated, see Ref. 10 , is shown in Figure 5.3-1. One rever-
sion prism makes the instrument insensitive to rotation
of the magnet about the vertical axis and the other prism
for rotation about the horizontal axis normal to the
tube. Rotation about the polar axis assuming flat para-

llel mirror does not constitute an error.
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If the light from the source is highly monochromatic,
coherent, and paraxial, such as that from a gas laser, the
separation between fringes becomes large so that the out-
put of the interferometer is a uniform field whose inten-

sity is modulated by the axial motion of the magnet.

5.4 Spot Masking Method

In the absence of an interferometer, another less
sensitive method for displacement detection was devised
so as to carry out preliminary investigations into the
suspension, the effect of the coils and the closed loop

behavior.

5.4.1 Basic Configuration

The basic configuration of the system is shown in
Figure 5.4.1-1.The light from a 'point" source is brought
to a focus at a point close to the axis of and about half-
way inside the super-conducting tube via mirrors and a
double convex lens. In the absence of any obstruction
of the spot, the beam returns again via mirrors and a
50-50 beam spi itter to a lens which brings it to a focus
on a photo sensitive detector. If there is any obstruc-

tion of the spot, the output of the detector is decreased.
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The spot position is chosen so that one end of the magnet
when at null, masks half the spot so t
left would be indicated by a decrease in output signal

and similarly, motion to the yight would be indicated by

an increase in the output of the detector.

In order to make the range of the detector as narrow
as possible, the spot size must be as small as possible,
hence the need for a point source. Also, a sharp edge
attached to the end of the magnet improves the linearity
of the detector. A field stop at the detector helps to
ensure that only the returning beam is permitted to go

through to the detector.

The position of the reflecting prisms mounted inside
the tube ic adjusted so that the beam is normal to the axis
of the tube when going from the lower prism to the upper so

as to minimize the range of the detector.

A photograph of the dewar and the displacement detector

is shown in Figure 5.4.1-2.

5.4,.2 Design Details

The light source was a 2W Zirchonium arc lamp with a
source diameter of 0.085 mm. The spot diameter was about
0.40 mm. The photo detector used was a Cadmium sul-
phide photo resistor and the variation of resistance with

displacement is shown in Figure 5.4.2-1. This curve shows
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that the resistance changes much more rapidly at low
illuminations than at high ones -- a property that proves

advantageous as will be shown later.

The photo resistance is incorporated in a simple
bridge network shown in Figure 5.4.2-2, so that the out-
put of the circuitis zero when the magnet is at null and
is positive or negative; d.c. voltage when the magnet

moves away from null. The output voltage Vo is given by

Ro - m Rl
(Hm)(RotRy)

Vo

(5.4.2-1)

B

Eq. 6.4.2-1) indicates that if R, is varied linearly, V_
would change more rapidly when R, was decreasing than
when increasing. The nonlinear variation in resistance
shownin Figure 5.4.2-2 comes to the rescue and the result-

ing output curve is shown in Figure 5.4.2-3. The output

curve exhibits a linear range of about 1.1 mm.

The detector has an inherent time constant which
depends on the level of illumination, the higher the level
the smaller the time constant. In this case, the time
constant was about 0.1 seconds. The overall detection
system may be then represented by the transfer function
shown in Figure 5.4.2-4, A photo diode will be used in

future experiments, since it has a smaller time constant.
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5.4.3 Lamp Output Variation

The undesirable effect of the variation in lamp out-
put may be reduced somewhat by using another similar photo
resistance in the other leg of the bridge, Figure 5.4.3-1.
This compensating detector can be located on the other side
of the beam splitter from the original detector so that it
receives flux from the forward beam only. The flux is
attenuated by a neutral density filter so that the value of
the resistance of the two photo resistors is identical when

the magnet is at null.

Without any variation in intensity, the output vol-

tage V, is given by

Vo = RO (Kx - E:(oi) \/&
(K1+ RQ)(\Kg'ftxo)

(Re~FRxo)
2 (Rz‘*‘(o) &

If a change in intensity causes a change ARX in Rx and

ARXO in Rxo’ the output voltage is

\/0 ~ [EX"Kxo‘f(AKx_DKIo)]
2(:21 +~zo)

The compensation is best when Rx = Rxo’ that is at

null.
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5.4.4 Sensitivity to Rotation

The present detector is sensitive to rotation of the
magnet about the vertical and the transverse horizontal axes.
To make it insensitive to these rotations, spherical end
pieces can be attached to the magnet as shown in Figure
5.4.4-1 with the center of gravity of the magnet coinciding

with the center of the sphere.
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CHAPTER ©

PRELIMINARY ACCELEROMETER ANALYSIS

6.1 Block Diagram

Using the information developed in preceding chap-

ters for the various components that make up the accelero-
meter, an overall block diagram for the accelerometer is

presented in Figure 6.1-1.

An input acceleration, a, acts on the mass of the
magnel, m, to produce a force, ma. This force causes the
magnet to displace from null which calls into play suspen-
sion forces, and common mode magnetic force due to a con-
stant standing current, I. The displacement is sensed by
the displacement detector which puts out an output voltage.
After amplification, this voltage generates a differential
mode magnetic force due to a differential current AI, in
the coils. This force tends to drive the magnet back to

null.

The suspension damping, common mode, and differential
mode forces are all summed at one junction together with

ma and a tilt component mg6 due to a tilt angle 8 of
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the superconducting Lube.

This model of the accelerometer has many nonlinear
elements -- including the fact that the displacement detec-

tor has a finite range.

6.2 Linearized Model

Since, for closed loop behavior, only small displace-
ments are dealt with, the accelerometer model may be lin-
earized as shown in Figure 6.2~1. This can be simplified
further by absorbing the minor feedback loops as shown in

Figure 6.2-2,

The open loop transfer function for the linear model

is
N 1 [V !
g kaky Ke & |
K ) 7 YT.s+!
1{5(575.‘5)*&’\5{(‘1“‘)}(‘5*1 s+

With the absence of damping Kf and suspension and
common mode magnetic forces, the transfer function would
be that of a type-2 servo, which is inherently unstable
as shown in the root locussketch in Figure 6.2-3a., Includ-
ing Kf and the other forces neglected above, the root locus
diagram is modified to that in Figure 6.2-3b, which is
stable only for very low gain. Clearly then, some form

of compensation is needed. 1If a pure lead compensation
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is incorporated, the root locus diagram in Figure 6.2-3b
is modified by the lead network zero on the negative real

axis to give a system that is stable for higher gain than
previously, see Figure 6.2-4. The open loop transfer

function becomes

Bkakyke L (Tes+1)
[s'} ke s + + L (Be- Zocc)] (Gs+(Ts+1)

TL. = lead compensation time constant

6.3 Steady State Displacement Error

The steady state displacement error for a step input

is given by
Yo

s BErE e e
390 [ I _'.. ﬂt k& Kd K< Jﬁ;‘ (T‘S-O—I) S
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so that x can be small for a high loop gain. If the steady
state error is to be zero, a pole ai the origin has to be

added and this brings another stability problem.

6.4 Measurement of Acceleration

The differential current in the coils is a measure of

the applied acceleration.

The output of the accelerometer is obtained by measur-
ing this current or less accurately, by measuring the voltage

output of the amplifier in the loop.
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CHAPTER 7

PERFORMANCE OF THE ACCELEROMETER

7.1 Preliminary Experiments

Preliminary experiments were performed in a glass

dewar1 to determine the float height, the tube geometry,

methods for magnet insertion and so on. Quantitatéve data

became available when the metal dewar was operational.

7.2 Determination of the Effective Spring Constant

The effective spring constant
measuring the natural frequency of
magnet after it has been displaced

Because of the nonlinearity of the

was determined by

oscillation of the

by finite distance

a2
<« A LA A e A wlsas e .

forces inside the tube,

it was essential to keep the amplitude as small as pos-

sible. By using the displacement detector, an ampli-

tude of 1 mm was ensured. For a true evaluation, an

amplitude of less than 1 micron is

desirable.

The positions of the coils were fixed so that the

closer end of each coil was about 2 cm from the center

of the tube. The currents in the coils were made equal

and the dewar was tilted until the magnet, in its rest
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position, aligned itself with the center of the linear

range of the detector. |

The magnet was then withdrawn to one end of the dis-
placement detector range by means of another magnet out-
side the dewar. This external magnet was then removed
and the resulting oscillation of the magnet inside the

dewar was recorded, see Figure 7.2-1.

This procedure was repeated for various values of

common mode current. The magnet became unstable when the
current dropped below 11 mA, that is when the magnitude
of the coil force approached that of the negative sus-

pension force.

Figure 7.2-2 shows a plot of the effective spring

constant K, [mass of magnet x (natural frequency)z]

against the common mode current. The curve closely ap-
proximates a straight line, thus indicating that the net
force on the magnet is linear inside a 1 mm region around
null. The curve also shows that for a current of 10 mA
the spring constant would be zero. The intercept on the
K axis gives the negative suspension spring constant, -15

dynes/cm. at that displacement.

The lowest value of spring constant obtained before

the magnet became unstable was 2 dynes/cm. The general

vibration of the surroundings probably dictated the low-

est value of gpring constant that could be measured.
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Figure 7.2-1 Open Loop Oscillation for
a Given Common Current
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7.3 Determination of the Damping Constant

Eddy current damping information can be obtained from
the recorded oscillations such as that in Figure 7.2-1.
By measuring successive amplitudes of the damped oscilla-
tion and plotting log, (amplitude) against time for dif-
ferent values of common mode current as shown in Figure

7.3-1. The damping time constant is found to be 3 seconds.

7.4 Open Loop Response to Applied Acceleration

With the setup as in Section 7.2 and with the common
mode current around its lowest value for stability, various

known tilt angles were applied. It was observed that 12

Q
h

seconds of arc gave a detectable change in the output

the displacement detector. This angle of tilt corresponds

-
to 6 x 10 -7 g.

7.5 Closing the Loop

ot

In order to close the loop around the magnet, the
output of the displacement detector was fed into a vari-
able gain operational amplifier, see Figure 7.5-1. The
amplifier output drove a differential transistor stage.
The two coils were connected in series across the two
collectors of the transistors and the point between the

coils was connected to a variable voltage supply.
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In the open loop mode, the input to the amplifier
was grounded by closing switch Sl and the input to the
differential stage was also zero. The common mode current
in the two coils was adjusted by means of the applied vol-

tage at the centre point between the coils.

In the closed loop mode, switch S1 was opened so that
a displacement detector output would cause a differential

current in the coils.

Starting with the same procedure as for Section 7.2,
the magnet was brought into the linear range of the detec-

tor and the loop was closed.

The output of the displacement detector was monitored
on a recorder. The output clearly indicated the presence
of a limit cycle shown in Figure 7.5-2 due to the limiting
property of the detector. Turning the gain down only re-

duced the frequency of the oscillation.

By applying a lead, capacitor Cl across Rl’ and ad-
justing the gain, the oscillation began to -damp out, see
Figure 7.5-3, as was predicted in Chapter 6. However, be-
fore the loop was stabilized completely, the magnet was
excited into another mode of oscillation -- about a hori-
zontal axis normal to the tube, as shown by the sudden
appearance of a high frequency oscillation, which will
be investigated in the following section. This mode of

oscillation was eliminated by the application of a low

pass filter in the feedback loop, C2 across R2, and the
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loop was finally stabilized. The magnet was quite sta-

=9 Nev Ay et -l ol o
iuiiasr ’ Ll il uo

sensitive axis since damping is not provided for this

mode in the present suspension.

The application of tilt angles of about 50 seconds
of arc gave noticeable change in the detector cutput but
an accurate closed loop response to step acceleration in-

puts has yet to be determined.

The variation in the frequency of the damped oscil-
lation in Figure 7.5-3 may be explained as follows: for
small amplitudes, well within the linear range of the
displacement detector, the frequency was about 2.5 c¢/s
due to a fairly tight loop with an effective spring con-
stant of 250 dynes/cm. As the amplifude increased, the
curvature of the detector output, Figure 5.4.2-3, had
the effect of decreasing the net gain in the loop thus
decreasing the spring constant and hence the natural

frequency.

7.6 Analysis of the Excited Mode of Oscillation

The excited mode of oscillation was most probably

caused by the detector being sensitive to rotations and
displacements about other axes. Assuming the magnet is

stabilized at null with the loop closed and allowing a
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slight rotation of the magnet about the transverse hori-

zontal axis, Figure 7.6-1, the detector output is reduced
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tending to push it back to null. With the magnet in this
position, the stabilizing force will now cause a torque
tending to rotate the magnet even further. This rotation
is checked by the tight radial suspension and the magnet

is returned towards its normal position. As it goes past
null, the same behavior takes place for rotation in the
opposite direction. The effect soon builds up until reson-
ance is achieved. Coupled with the rotational oscilla-

tions there is also translational oscillations due to the

other effect of the stabilizing force.

The resonant frequency was 7 c¢/s so that the radial

spring constant was 2000 dynes/cm indicating a tight

This mode of oscillation was eliminated by filtering
since in doing so the phase of the torque was altered and

the condition for sustaining the oscillation disappeared.
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CALIBRATION

8.1 General

As was mentioned earlier, the force generated by
the restoring coils cannot be accurately determined. The
steady state differential current in the coils, when in
closed loop operation, is a measure of the applied ac-
celeration. For the purpose of calibration, an ex-
ternal force of known magnitude is exerted on the mag-
net and the corresponding differential current recorded.
This can be repeated for other magnitudes of the force

to obtain a calibration curve.

Since the mass of the magnet is 1 gram, an external

Considering the methods of generating small forces
outlined in Chapter 3, and keeping in mind that the range
of interest extends below 10-6g, the photon f orce pro-

vides a feasible solution.

Possible methods for generating a suitable photon
force for LLAMA application are examined in the following

sections.
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8.2 Requirements for Application of Photon Force

Several requirements have to be met for the applica-

tion of photon force.

(a) The available surface area dictates the power
density in the beam. In LLAMA, because of float
height limitation in the present‘setup, the avail-
able surface is a disc 1 cm in diameter or an area

of 0.78 cm2. The area of the largest square in-

scribed in the disc is 0.51 an?. To generate
low forces is simple. To generate 1073 dynes

requires 1.5 watts, see Section 3.3.1 for a per-

=h

ectly reflecting surface and the power density

-

-3 watts/cm2 depending on the cross-section

[
w
N

of the beam. Possible sources are discussed

~ e A

(b) A high vacuum environment below 107° torr must
prevail, to avoid thermal effects, see Section
2.3.3. The vacuum surrounding the liquid helium
inner bottle is excellent since after a short
period of time only helium gas can exist in
this region, since all other gases liquify due
to the cryopumping action of the liquid helium.
To ensure the absence of helium gas, the en-

closure can be flushed with, say nitrogen.
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in the present system, air which

is
rich in helium due to the evaporation of liquid
helium from the inner bottle, can leak in from
outside via the 'o' ring feed throughs and a
helium atmosphere can build up. If found neces-
sary, a low pressure pump can be permanently

incorporated so as to keep the vacuum as low

as desired.

The surface must have a high work function so as
to reduce the generation of photo-electrons, see

Section 3.3.2.

8.3 Criterion for Choice of Source

A good source of photons is a light source. Source

of light vary in brightness, size of source, spectral dis-

tribution of the radiated energy, the direction of the

radiation and so on.

In the case of LLAMA, the photon beam not only has

to be squeezed on to an area less than 1 cmz, but also

has to meet a beam angle requirement imposed by the geo-

metry of the suspension.

In order to develop a criterion by which various

sources may be judged, a simple optical configuration is

assumed,

see Figure 8.3.-1 where
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LENS

Figure 8.3-1 Optical Configuration: for

Comparison of Sources

projected area of source normal to optical axis
brightness of source

projected area of image normal to optical axis
angular semi-aperture of lens from source
angular semi-aperture of lens from image
distance of source from lens

distance of image from lens

flux collected by lens

Assuming the source emits equally in all directiomns,

i.e., a Lambert's Law radiator, the flux collected by an

elemental ring at the lens is given by

{F - B‘G.‘Ca's\/«{w
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where
“fJ = angle subtended by ring
JZU = so0lid angle subtended by ring
r = distance of any element of ring from source
and

g = 2y sinb ¥ {‘f

yr '

= ar sm'\r c/\f'

The total flux collected by the lens is

6
Fa 2x qu'l ] S&v\\l- COS‘\/' d“f

2
= rBa sn b

Now substituting for sin 6 and noting that %z - S¢

kX
F: ﬂ—glnal GE”(-Ibt

QAL

The flux collected by the image is FT where T is
the transmission factor of the lens, provided the image

is smaller or equal to the available image area.

For a given ﬁb , equation 8.3-1 shows that F is

increased if the product Bla1 is maximized and

a
1 - 1 is minimized.

;Z

2 (magnification
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For a given lens, there is a definite limit on the
magnification for each value of <# . Figure 8.3-2 shows
the magnification for different valuesof 4) for an f/1
lens. Another limit on the magnification is tae size of

the target area.

Using Equation 8.3-1, the limitation on magnifica-
tion from Figure 8.3-2, and assuming a target area of
0.25 cm2, three promising sources were compared. All three

were high pressure mercury arc lamps and their character-

istics are given in Table 8.3-1

SouUR P SOURCE BRIGHTNE
OURCE OWER o+ $s
WATT S D'wﬂmf Cdis [ew"
| loo 0-25x 0.1 | |70, 000
Hi 200 0.6x 2| 33 000
”I S500 [-] = 41| 30, co0
Table &.3-1

Figure 8.3-3 shows a plot of the flux collected by

an f/1 lens (in arbitrary units) against <P for the three

sources.
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With a 5 cm diameter, £/1 lens, the LLAMA geometry
dictate a ¢) less than 6°. Figure 8.3-3 shows that the
[

100 watt lamp collects the most flux in the region where

CP is below 6 degrees.

8.4 Force Available from 100 Watt Arc Lamp

The optical configuration for the measurement of
the power from the 100 watt arc lamp is shown in Figure
8.4-1 and a photograph of the setup is shown in Figure

8.4-2. The lamp was an Osram HB0-109 mercury arc lamp.

The radiation from the lamp was collected by an £/1
lens and focussed on a thermopile 20 cm away after atten-
uation by a neutral density filter. The back radiation
was made use of by placing a spherical reflector with

the source at its center of curvature. The image size

)

)
was less than 0.25 cm® and the measured power was 3.5
watts. (This takes into account the attenuation of the

filter.)

The lens used was uncoated and made from ordinary
lens glass. A coated quartz lens would have increased
the power by reducing the reflection at the lens, and
the ultra vio.et absorption by the lens. The line

of the lamp extended to below 2900A°.

spectra
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Figure 8.4-2 Setup for Measuring Power from Arc Lamp




84

To increase the power even more, a good quality alum-
inized elliptical reflector with an equivalent speed of
£/ —%— can be used with the lamp at one focus and the tar-

get at the other focus.

Already the measured power of 3.5 watts is equivalent

to more than 2 x 105 dynes.

A UV source is preferred so as to minimize the
heating effect inside the cryogenic environment to con-

serve the helium.

Another advantage for using a UV source is its com-

patability with the 8328A° wavelength of the helium-neon

laser that is proposed for use in the

ntor forampe
uuuuuuu A LA LTI S S

inc (92938 0

t

cr. iric

filtering problem is eased when the wavelengths of the

sources are widely separated.

Other sources that can give a slightly highe
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density in a beam angle of less than 6° are avai
the form of high intensity carbon arc lamps that consume

around 14,000 watts.

8.5 Measurement of Photon Force

By measuring the power in a photon beam, the force

it can exert can be calculated from Equation 3.3.1-1.

The ideal detector is one that has a flat response

for all wavelengths in the beam, a high signal to noise
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.....................
conducting and photo-voltaic cells where the incident photons
change the detector characteristic directly exhibit different
sensitivities for different wavelengths. This property is

undesirable unless the beam is monochromatic.

Thermal detectors, such as a thermopile, absorb the ra-
diation in a black surface and detect the temperature rise
in the surface by the Peltier Effect. A surface such as
lamp black absorbs equally over a wide range. One disadvan-
tage with thermal detectors is the inherent time constant
of the order of a second which can become troublesome when
the beam is modulated. The noise level is negligible since

the signal is high.

8.6 Modulation of Photon Force

The search for a simple nommechanical method for the

control of the intensity of a photon beam is intense.

Electro optical techniques, however, do exist using the
Kerr cell}%r the Pockels effect where the light is first
polarized by a 0° polarizer, passes through 0°-90° variable
polarizer and finally through a 90° polarizer. By varying
the angle of the polarizathx}%n the middle polarizer, the

intensity of the beam can be modulated. The maximum trans-

. . . [
mission is about 25/4.
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Mechanical shutters are numerous and can be used either
as aperture controllers or as choppers. A suitable method
for generating pulses of varying widths from a constant beam

can be achieved using a stepping motor.

Sources such as flash tubes can be easily controlled
by varying the flash rate but the average power output for

a period of time is below 1 watt with present devices.

The application of injection lasers is discussed in

the next section.

8.7 Injection Lasex Application

Injection lasers are ideal for the generation of photon
torce. The beam is narrow, intense and can be electronically
modulated. The fact that the radiation is not highly mono-

chromatic or coherent is of little consequence.

Present injection lasers have reached an output pawer
of 3 watts' tontinuous -- but these devices are still in the

experimental stage.

The cryogenic cooling that is required for the lasers
presents no problem in this case since 1liquid helium and

nitrogen are already available for the suspension.
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8.8 Possible Calibration Method

To generate a low level force of 1073 dynes and less
of known magnitude is one problem, to use this force for
calibration on earth is another problem.

Assuming ideal conditions where the outside inter-
ference is negligible during time needed for calibration,

a possible method is shown in Figure 8.8-1.

The photon beam is directed at an aluminum deposited
disc attached at one end of the magnet. A well-calibrated
beam splitter deflects 1?2 of the beam onto a thermopile.
This deflected beam is made to pass through identical win-
dows, rejection filters, and so on as those in the main beam
for compensation. The intensity of the beam can be varied
by neutral density filters and the differential current re-
guired to keep the magnet at null is recorded sc as to ob-
tain a calibration curve. If the differential current is

too small, the number of turns in the coils can be reduced.

If the isolation is not ideal, an alternating force
can be applied by chopping the photon beam. The frequency
has to be chosen so that it can be easily filtered out.

The choice of frequency depends on the statistical behavior
of the inter c¢rence for the particular environment selected
and on the bandwidth of the accelerometer. A survey of

various disturbances and a means for building an isolation

platform is given in Ref. 15.
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CHAPTER 9

CONCLUSIONS AND FURTHER WORK

The experiments that have been carried out so far
were of a preliminary nature. The precise location of
null, accurate levelling of the superconducting tube and
accurate positioning of the restoring coils are needed
before data can be reliably interpreted. However, un-
less a stable vibration isolated base is used, there is
not much to be gained from such fine adjustments. The
availability of a more sensitive displacement detector

would enable the close examination of the region around

P |

1 P T —
1uLlL,

PROP P 12 o - = - o - o | | I
egion lie the advantages and the ulti-

or in this r

Fh

mate limitations of the accelerometer.

With the crude form of the accelerometer that was
used, an open loop threshold sensitivity of 10_5g was

observed.

The successful closing of the loop around the magnet
showed that it was feasible to stabilize a test mass with
3 degrees of freedom along one axis. The mode of oscilla-
tion about the transverse horizontal axis that was excited

was due to the detector being sensitive to rotation of the
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magnet about that axis. This oscillation was eliminated

by delaying the phase of the restoring force.

A closed loop step input response and a frequency re-
sponse for different values of lead compensation would con-
tribute to better understanding of the dynamics of the

accelerometer.

The use of photons for generating a measureable low
level force for calibration was investigated. Experiments
with a 100 watt arc lamp demonstrated that sufficient power

density was available from the lamp for calibration up to
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APPENDIX A

CORPUSCULAR CONCEPT OF LIGHT PRESSURE

The corpuscular concepgi%f light (or electro-
magnetic radiation) assumes that light consists of par-
ticles referred to as photons or light quanta. The
evidence for this theory is in the photo-electric

effect, the Compton effect, scintillation effect, etc.

The energy, E, of a photon is found to be propor-

tional only to its frequency Y so that

E = hy (A-1)

The: velocity of a photon v is that of the velocity
of light ¢ and therefore the mass m of a photon is given

by the relativistic equation

on = (A-Z)

ALAT
e ———————

|- v

c
where m, is the rest mass of the photon and v —c.

The momentum of a photon g is given by
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e

§ = mv = —= v (A-3)

)//— v
cl.

The total energy of a photon is given by the Einstein

equation

T "My <

E= mc = C (A-4)
Yi- x*

('L

Eliminating m from (A-3) and (A-4) gives

(A-5)
R B (o)
C <
m
(This is omnly valid if 1ﬁ71;” # o0 when v = ¢ so
Vit =

¢ hence the assump-

that as v — C, m, —e O,
tion that a photon has zero mass). Equations (A-1) and

(A-5) give
_ E  _ Av ‘
§ -7 =% (4-6)

If now a photon impinges normally on a perfectly
absorbing surface, the pressure exerted by the photon on
the surface is the change in momentum in that direction.

Therefore the pressure p is given by

. E
P= Z




has refelctivity r the pressure becomes

or

>

= RV (4 r)
po= =)
1f now, a beam of photons of density p and cross-section
area A impinges normally on this surface, the total num-
ber of photons impinging on the surface is p c A. There-
fore the pressure P exerted on the surface per unit area
is given by
hv
- c 2X (1+Y
P ce & (7
=ek\1('+‘f)
The energy in the beam per unit area is W where
W= @chv

P oW (1+v)

2

If W is in watts/em“, c in cm/sec, P is in dynes/cm2 or

1
given by P = »E\_l (H’ ") 10
Example If W =1 watt/cmz, c =3 X lOlOcm, r =1

4~ T

- =5 10;3d5n<$
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